We consider linear boundary-value problems for operator equations with generalized invertible operators in Banach spaces that have bases. Using the technique of generalized inverse operators applied to generalized invertible operators in Banach spaces, we establish conditions for the solvability of linear boundary-value problems for these operator equations and obtain formulas for the representation of their solutions. We consider special cases of these boundary-value problems, namely, so-called n-and d -normally solvable boundary-value problems as well as normally solvable problems for Noetherian operator equations.
In what follows, we denote the set of generalized invertible operators LW l 1 .I; B 1 / ! l 1 .I; B 2 / by GI.l 1 .I; B 1 /; l 1 .I; B 2 //:
Since the Banach spaces l 1 .I; B 1 / and l 1 .I; B 2 / have bases, the null spaces N.L/ and N.L / also have bases.
Let
N.L/; f i D col.f ; there exist an adjoint biorthogonal [4] total system of functionals f j g and E 1 is the identity matrix.
Then the projectors P N.L/ W l 1 .I; 
.P Y L y/.t / D « .t/.˚y/. / 8y 2 l 1 .I; B 2 /:
We consider the problem of conditions for the solvability of the operator equation
and the representation of its solutions that satisfy the conditions 
Intermediate Result
Consider the problem of conditions for the solvability of the operator equation
and the general form of its solutions that satisfy the initial condition
where t 0 2 I and z 0 2 B 1 : (5) is called the Cauchy problem for the inhomogeneous operator equation (4) .
It is known [6] that the operator equation (4) is solvable for those and only those '.t/ 2 l 1 .I; B 2 / that satisfy the condition
Under condition (6), the general solution of Eq. (4) can be represented in the form [6] 
where O z.t / is an arbitrary element of the space l 1 .I; B 1 / and L is the bounded generalized inverse of L; the construction of which is described in [5] [6] [7] [8] for operators L of various types.
Using representation (1) for the projector P N.L/ ; for every Q z.t/ 2 N.L/ we get
where Substituting (8) into (7), we obtain the following general solution of the operator equation (4):
It follows from (8) that every element z.t / of the null space N.L/ can be represented in the form
This relation holds for any t 2 I; including t D t 0 : Therefore, for any z 0 D z.t 0 /; there exists an element
where X.t 0 /W B ! B 1 is a linear bounded operator.
The existence of the element O z 0 for any z 0 D z.t 0 / implies that the matrix equation
is everywhere solvable, i.e., (a) N.X .t 0 // D f0g; and, hence, the projector to the subspace Y X.t 0 / Â B 1 is equal to zero, P Y X.t 0 / Á 0 8t 0 2 I; and (b) there exists the right inverse operator X 1 r .t 0 /: Thus, the matrix operator
Thus, the matrix operator equation
which is obtained from Eq. (9) for t D t 0 ; is everywhere solvable, and its general solution has the form [5, p. 175 ]
where P N.X.t 0 // is the projector of the Banach space B to the null space N.X.t 0 // of the operator X.t 0 /; z is an arbitrary element of the Banach space of sequences B ; and X 1 r .t 0 / is the right inverse of the matrix operator X.t 0 /:
Substituting (11) into (9), we obtain the general solution of the Cauchy problem (4), (5):
where X 0 .t / D X.t /P N.X.t 0 // is the resolving operator [3] of the homogeneous problem .'.t/ D 0; z 0 D 0/; z is an arbitrary vector from the Banach space B ; and (4) is solvable for those and only those '.t/ 2 l 1 .I; B 2 / that satisfy condition (6) with any z 0 D z.t 0 /; t 0 2 I; and its general solution can be represented in the form
Remark 1. If the operator equation (2) is everywhere solvable, then P Y L Á 0: In this case, the operator L has the bounded right inverse L 1 r [5] . If, in addition, the matrix operator X.t/ is invertible for any t 2 I; then P N.X.t 0 // D 0 and the Cauchy problem (4), (5) is everywhere solvable and has solutions of the form 
where U.t; / D U.t /U 1 . / is the evolution (resolving) operator.
Main Result
Infinite-Dimensional Normally Solvable Boundary-Value Problems. Consider the linear inhomogeneous boundary-value problem (2), (3).
As shown above, Eq. (2) is solvable under condition (6), and its general solution has the form (9). Substituting (9) into the boundary condition (3), we obtain the following matrix operator equation for the element O z 0 2 B :
where Q D`X. /W B ! B is the matrix operator obtained by the substitution of the matrix operator X.t / into the boundary condition. The matrix operator Q is bounded as the superposition of the bounded operatorsà nd X.t /:
Assume that Q is a generalized invertible operator, i.e., Q 2 GI.B ; B/: By virtue of the normal solvability of the operator Q; Eq. (14) is solvable for those and only those˛and '.t/ that satisfy the condition
where P Y Q is the projector to the subspace Y B isomorphic to the null space of the operator Q adjoint to the operator Q: Under condition (16), the operator equation (15) has the solution
where z is an arbitrary element of the Banach space B and Q is the generalized inverse of the operator Q: Substituting (17) into (9), we obtain the general solution of the boundary-value problem (2), (3) in the Banach space with basis:
where X .t / D X.t /P N.Q/ is the resolving operator of the homogeneous .'.t/;˛D 0/ boundary-value problem (2), (3). The inhomogeneous boundary-value problem (2), (3) is solvable for those and only those '.t/ 2 l 1 .I; B 2 / and˛2 B that satisfy the conditions
The general solution of the problem has the form
where .G'/.t / is the generalized Green operator.
Remark 3.
In the case where Lz.t / D z 0 .t/ A.t/z.t/ is an everywhere solvable differential operator, boundary-value problems of the form (2), (3) were considered in [10, 11] .
Remark 4.
Comparing the theorem on the existence of solutions of the Cauchy problem (Theorem 1) and the theorem on the existence of solutions of the boundary-value problem (Theorem 2), we conclude that the Cauchy problem for an operator equation that is not everywhere solvable is a specific boundary-value problem.
The n-and d-Normally Solvable Boundary-Value Problems. Consider two special cases of the boundaryvalue problem (2), (3).
1. Assume that a generalized invertible operator L is n-normal .dim N.L/ D < 1/ and acts from the infinite-dimensional Banach space l 1 .I; B 1 / into the infinite-dimensional Banach space l 1 .I; B 2 /: Also assume that a linear bounded vector functional`acts from the Banach space l 1 .I; B 1 / into the Banach space B: Then the matrix operator Q is also n-normal, i.e., the codimension of the kernel N.Q/ is finite and the codimension of the kernel N.Q/ of the adjoint matrix operator Q is infinite. where X r .t / D X.t /P N r .Q/ is the resolving operator of the homogeneous .'.t/ D 0;˛D 0/ boundary-value problem corresponding to problem (2), (3), P N r .Q/ is the operator composed of r linearly independent columns of the matrix projector P N.Q/ ; and c r is an arbitrary constant vector from the Euclidean space R r :
The inhomogeneous boundary-value problem (2) , (3) is solvable for those and only those '.t/ 2 l 1 .I; B 2 / and˛2 B that satisfy an infinite number of the linearly independent conditions
in this case, it has an r-parameter family of linearly independent solutions of the form
where .G'/.t / is the generalized Green operator of the semihomogeneous .˛D 0/ boundary-value problem (2), (3).
2. Assume that a generalized invertible operator L acts from the infinite-dimensional Banach space l 1 .I; B 1 / into the infinite-dimensional Banach space l 1 .I; B 2 /; and a linear bounded vector functional`acts from the Banach space l 1 .I; B 1 / into the Euclidean space R m : Then the matrix operator Q is d -normal, i.e., the dimension of its kernel N.Q/ is finite and the dimension of the kernel N.Q / of the adjoint matrix operator Q is finite and equal to d Ä m: where X .t / D X.t /P N.Q/ is the resolving operator of the homogeneous .'.t/ D 0;˛D 0/ boundary-value problem corresponding to problem (2), (3) and z is an arbitrary element of the Banach space B :
The inhomogeneous boundary-value problem (2), (3) is solvable for those and only those '.t/ 2 l 1 .I; B 2 / and˛2 B that satisfy an infinite number of the linearly independent conditions
in this case, it has an infinite-dimensional family of linearly independent solutions of the form
where P Y Q d is the d m operator matrix composed of the complete system of d linearly independent rows of the matrix P Y Q and .G'/.t /; is the generalized Green operator of the semihomogeneous .˛D 0/ boundary-value problem (2), (3).
Following [11] , we call the boundary-value problems described by Theorems 3 and 4 n-normally solvable and d -normally solvable.
Remark 5. In the case of finite-dimensional boundary-value problems for differential systems of equations in Banach spaces ..Lz/.t / Á z 0 .t / A.t /z.t //; problems of this type were considered in [11] . In this case, the generalized inverse operator L admits an integral representation, and the generalized Green operator has the form Consider the problem of necessary and sufficient conditions for the solvability of the linear inhomogeneous boundary-value problem (2), (3) and the structure of the set of its solutions z.t/ 2 l 1 .I; B 1 / .
Since the null spaces N.L/ and N.L / of the operator L and its adjoint L are finite-dimensional, they are complementable in the Banach spaces l 1 .I; B 1 / and l 1 .I; B 2 /; respectively, and have finite-dimensional bases. Following [5, pp. 168 , 172], we construct the projectors P N.L/ and P Y L :
The Noetherian normally solvable operator equation (2) is solvable for those and only those '.t/ 2 l 1 .I; B 2 / that satisfy the condition
which consists of linearly independent conditions. Under condition (19), the general solution of Eq. (2) has the form
where X .t / is the 1 operator matrix composed of linearly independent basis vectors of the null space N.L/ of the operator L; c 2 R is an arbitrary constant vector, and L W l 1 .I; B 2 / ! l 1 .I; B 1 / is the bounded generalized inverse of the Noetherian operator L [8, p. 53] .
For solution (20) of the inhomogeneous operator equation (19) to be a solution of the boundary-value problem (2), (3), it is necessary and sufficient that the vector c 2 R satisfy the algebraic system
which is obtained by the substitution of solution (20) into the boundary condition (3).
Let Q D lX. / be an m constant matrix, let P N.Q/ W R ! N.Q/ be a projector matrix, let P Q W R m ! N.Q / be an m m projector matrix, and let Q be the m generalized inverse of the matrix Q:
Using the algebraic equation
we determine the constant c 2 R for which solution (20) 
and has an r-parameter .r D rank Q/ family of solutions of the form c D P N r .Q/ c r C Q f˛ `.L '/. /g;
where P Y d Q is the d m matrix composed of the complete system of d linearly independent rows of the projector matrix P Y Q ; and P N r .Q/ is the r matrix composed of the complete system of r linearly independent columns of the projector matrix P N.Q/ :
Substituting (22) into (20), we obtain the general solution of the boundary-value problem (2), (3 The inhomogeneous boundary-value problem (2), (3) with Noetherian operator LW l 1 .I; B 1 / ! l 1 .I; B 2 / is solvable for those and only those '.t / 2 l 1 .I; B 2 / and˛2 R m that satisfy the C d linearly independent conditions
